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THE BOCHNER-HARTOGS DICHOTOMY FOR BOUNDED 
GEOMETRY HYPERBOLIC KAHLER MANIFOLDS 

TERRENCE NAPIER AND MOHAN RAMACHANDRAN 


Abstract. The main result is that for a connected hyperbolic complete Kahler manifold 
with bounded geometry of order two and exactly one end, either the first compactly 
supported cohomology with values in the structure sheaf vanishes or the manifold admits 
a proper holomorphic mapping onto a Riemann surface. 


Introduction 

Let {X,g) be a connected noncompact complete Kahler manifold. According to [Grolj . 
[Li], [Gi^ , [G?5S] , HEI], [DilG] , |NR5], and |NR6] . if X has at least three hltered ends 
relative to the universal covering (i.e., e{X) > 3 in the sense of Dehnition 15.Ih and X is 
weakly 1-complete (i.e., X admits a continuous plurisubharmonic exhaustion function) or 
X is regular hyperbolic (i.e., X admits a positive symmetric Green’s function that vanishes 
at inhnity) or X has bounded geometry of order two (see Dehnition 12. ip . then X admits a 
proper holomorphic mapping onto a Riemann surface. In particular, if X has at least three 
(standard) ends (i.e., e(X) > 3) and X satishes one of the above three conditions, then 
such a mapping exists. Gousin’s example m of a 2-ended weakly 1-complete covering of 
an Abelian variety that has only constant holomorphic functions demonstrates that two 
(hltered) ends do not suffice. 

A noncompact complex manifold X for which H^{X, (9) = 0 is said to have the Bochner- 
Hartogs property (see Hartogs |Har] . Bochner |Bo] . and Harvey and Lawson |HavL] ). Equiv¬ 
alently, for every C°° compactly supported form a of type (0,1) with = 0 on X, there 
is a C°° compactly supported function /3 on X such that df3 = a. If X has the Bochner- 
Hartogs property, then every holomorphic function on a neighborhood of inhnity with no 
relatively compact connected components extends to a holomorphic function on X. For 
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cutting off away from infinity, one gets a function A on X. Taking a = dX and forming 
/5 as above, one then gets the desired extension X — (3. In particular, e(X) = 1, since 
for a complex manifold with multiple ends, there exists a locally constant function on a 
neighborhood of oo that is equal to 1 along one end and 0 along the other ends, and such a 
function cannot extend holomorphically. Thus in a sense, the space O) is a function- 

theoretic approximation of the set of (topological) ends of X. An open Riemann surface S, 
as well as any complex manifold admitting a proper holomorphic mapping onto S', cannot 
have the Bochner-Hartogs property, because S admits meromorphic functions with hnitely 
many poles. Examples of manifolds of dimension n having the Bochner-Hartogs property 
include strongly {n — l)-complete complex manifolds (Andreotti and Vesentini [AnV ] ) and 
stronfflv hvper-fn — li-convex Kahler manifolds fGrauert and Riemenschneider |Gra a). 
We will say that the Bochner-Hartogs dichotomy holds for a class of connected complex 
manifolds if each element either has the Bochner-Hartogs property or admits a proper 
holomorphic mapping onto a Riemann surface. 

According to [Rsj . [NR,2] . and |NR,4j . the Bochner-Hartogs dichotomy holds for the 
class of weakly 1-complete or regular hyperbolic complete Kahler manifolds with exactly 
one end. The main goal of this paper is the following: 

Theorem 0.1. Let X be a connected noncompact hyperbolic complete Kahler manifold with 
bounded geometry of order two, and assume that X has exactly one end. Then X admits 
a proper holomorphic mapping onto a Riemann surface if and only if H^{X, O) 0. 

In other words, the Bochner-Hartogs dichotomy holds for the class of hyperbolic con¬ 
nected noncompact complete Kahler manifolds with bounded geometry of order two and 
exactly one end. When combined with the earlier results, the above gives the following: 

Corollary 0.2. Let X be a connected noncompact complete Kahler manifold that has 
exactly one end (or has at least three filtered ends) and satisfies at least one of the following: 

(i) X is weakly 1-complete; 

(ii) X is regular hyperbolic; or 

(hi) X is hyperbolic and of bounded geometry of order two. 

Then X admits a proper holomorphic mapping onto a Riemann surface if and only if 
Hl{X,0)^D. 
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In particular, since connected coverings of compact Kahler manifolds have bounded 
geometry of all orders, we have the following (cf. |ArBR,] ■ |R,s] . and Theorem 0.2 of |NR,4] ): 

Corollary 0.3. Let X be a compact Kahler manifold, and X ^ X a connected infinite 
covering that is hyperbolic and has exactly one end (or at least three filtered ends). Then X 
admits a proper holomorphic mapping onto a Riemann surface if and only if H).{X, 0)^0. 

A standard method for constructing a proper holomorphic mapping onto a Riemann 
surface is to produce suitable linearly independent holomorphic 1-forms (usually as holo¬ 
morphic differentials of pluriharmonic functions), and to then apply versions of Gromov’s 
cup product lemma and the Castelnuovo-de Franchis theorem. In this context, an irregular 
hyperbolic manifold has a surprising advantage over a regular hyperbolic manifold in that 
an irregular hyperbolic complete Kahler manifold with bounded geometry of order two au¬ 
tomatically admits a nonconstant positive pluriharmonic function. In particular, the proof 
of Theorem 10.11 in the irregular hyperbolic case is, in a sense, simpler than the proof in 
the regular hyperbolic case (which appeared in [NR4j ). Because the existence of irregular 
hyperbolic complete Kahler manifolds with one end and bounded geometry of order two 
is not completely obvious, a 1-dimensional example is provided in Section [6l However, 
the authors do not know whether or not there exist examples with the above properties 
that satisfy the Bochner-Hartogs property (and hence do not admit proper holomorphic 
mappings onto Riemann surfaces). 

Section [1] is a consideration of some elementary properties of ends, as well as some 
elementary topological properties of complex manifolds with the Bochner-Hartogs prop¬ 
erty. Section |2] contains the definition of bounded geometry. Section [3] consists of some 
terminology and facts from potential theory, and a proof that the Bochner-Hartogs prop¬ 
erty holds for any one-ended connected noncompact hyperbolic complete Kahler manifold 
with no nontrivial holomorphic 1-forms. A modification of Nakai’s construction of an 
inhnite-energy positive quasi-Dirichlet hnite harmonic function on an irregular hyperbolic 
manifold, as well as a modihcation of a theorem of Sullivan which gives pluriharmonicity 
in the setting of a complete Kahler manifold with bounded geometry of order two, appear 
in Section 01 The proof of Theorem 10.11 and the proofs of some related results appear in 
Section |5l An example of an irregular hyperbolic complete Kahler manifold with one end 
and bounded geometry of all orders is constructed in Section [6l 
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1. Ends and the Bochner-Hartogs property 

In this section, we consider an elementary topological property of complex manifolds 
with the Bochner-Hartogs property. Further topological characterizations of the Bochner- 
Hartogs dichotomy will be considered in Section 13 We hrst recall some terminology and 
facts concerning ends. 

By an end of a connected manifold M, we will mean either a component E of M \ K 
with noncompact closure, where iF is a given compact subset of M, or an element of 

hm7ro(M \ K), 

where the limit is taken as K ranges over the compact subsets of M (or equivalently, 
the compact subsets of M for which the complement M \ K has no relatively compact 
components, since the union of any compact subset of M with the relatively compact 
connected components of its complement is compact). The number of ends of M will 
be denoted by e(M). For a compact set K such that M \ K has no relatively compact 
components, we will call 

M\K = EiVJ---UEm, 

where are the distinct components of M\K, an ends decomposition for M. 

Lemma 1.1. Let M be a connected noncompact C°° manifold. 

(a) If S <£ M, then the number of components of M\S that are not relatively compact 
in M is at most the number of components of M\T for any set T with S <ZT M. 
In particular, the number of such components of M\S is at most e{M). 

(b) If K is a compact subset of M, then there exists a relatively compact domain VL 
in M containing K such that M \ Q has no compact components. In particular, if 
k is a positive integer with k < e{M), then we may choose H so that M \ Q also 
has at least k components; and hence dQ has at least k components. 

(c) If Q is a nonempty relatively eompaet domain in M, then the number of eomponents 
of dfl is at most e(H), with eguality if fl is also smooth. 
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(d) Given an ends deeomposition M\K = i?i U ■ ■ ■ U Em, there is a eonneeted compaet 
set K' D K sueh that any domain Q in M eontaining K' has an ends deeomposition 
Q \ K = E[\J ■ ■ ■ U E'^, where E'- = EjGQ for j = 1,... ,m. 

(e) If and 0 are domains in M with 0 C and both M \Vt and ^2 \ 0 have no 
compaet components, then M \ 0 has no compact components. 

(f) If M admits a proper surjective continuous open mapping onto an orientable topo¬ 
logical surface that is not simply connected, then there exists a relatively compact 
domain fl in M such that M \Q has no compact components and dVL is not con¬ 
nected. 

Proof. For the proof of (a), we simply observe that if S' C T d M, then each connected 
component of M \ S' that is not relatively compact in M must meet M \ T and must 
therefore contain some component of M \ T. Choosing T D S' to be a compact set for 
which M\T has no relatively compact components, we see that the number of components 
of M \ S' is at most e(M). 

For the proof of (b), observe that given a compact set K C M, we may £x a 
domain hlo with K <Z VLq M. The union of hlo with those (finitely many) components 
of M \ hlo which are compact is then a relatively compact domain Q D K in M for 
which M \Q has no compact components. Given a positive integer k < e{M), we may 
choose n to also contain a compact set K' for which M\K' has at least k components and 
no relatively compact components in M. Part (a) then implies that M \ Q has at least k 
components, and since each component must contain a component of dVl, we see also that 
dVl has at least k components. 

For the proof of (c), suppose hi is a nonempty relatively compact domain in M and k 
is a positive integer. If dll has at least k components, then we may fix a covering of dll 
by disjoint relatively compact open subsets Ui,... ,Uk oi M each of which meets dkl (one 
may prove the existence of such sets by induction on k). We may also fix a compact set 
K C fl containing hi \ {Ui U • ■ • U Uk) such that the components of fl\K G Ui U ■ ■ ■ U Uk 
are not relatively compact in hi. For each j = 1,... ,k, Uj meets dfl and therefore some 
component E of fl\K, and hence E G Uj. Since fl\ K has at most e(r2) components, it 
follows that k < e(r2). Furthermore, if hi is smooth, then we may choose k to be equal to the 
number of boundary components, and we may choose the arbitrarily small neighborhoods 
so that Uj n n is connected for each j. We then get k = e(r2) in this case. 
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For the proof of (d), let M \ iF = i?i U ■ ■ ■ U be an ends decomposition. We may fix 
a relatively compact domain hi in M containing K such that M \ Q has no compact 
components, and for each j = 1,... ,m, we may £x a connected compact set Aj C Ej 
such that Aj meets each of the hnitely many components of Ej fl dfl. The compact set 
K' = flu UJli then has the required properties. 

For the proof of (e), suppose hi and 0 are domains in M with Q G fl, and both M \fl 
and fl\Q have no compact components. If i? is a component of M \ 0, then either E 
meets M \fl, in which case E contains a noncompact component of M \fl, or E G fl, in 
which case E is a component of hi \ 0. In either case, E is noncompact. 

Finally for the proof of (f), suppose <h: M —)■ S' is a proper surjective continuous open 
mapping onto an orientable topological surface S that is not simply connected. By part (b), 
we may assume without loss of generality that e(M) = 1. If is any open set in S and 
V is any component of then ‘F(Id) is both open and closed in U] i.e., is a 

component of U. Consequently, if iF C S' is a compact set for which S\K has no relatively 
compact components and V is any component of M \ <h“^(iF) = <h“^(S' \ K), then ‘h(C) 
must be a component of S' \ iF. Hence V must be the unique component of M \ <h”^(iF) 
that is not relatively compact in M, and it follows that V = M\<F“^(iF) and ‘h(H) = S\K 
are connected. In particular, e(S') = 1. 

Since every planar domain with one end is simply connected. S' must be nonplanar; that 
is, there exists a nonseparating simple closed curve in S'. Hence there exists a homeomor- 
phism T of a suitable annulus A(0; r', R') = {z & E. \ r' < \z\ < R! } onto a domain A' G S 
with connected complement S' \ A'. Fixing r and R with 0<r'<r<i?< R', setting 
A = 'F(A(0; r,/?)) G A', E = S\A and E = = M \ <F“^(H), and letting 0 be a 

component of we see that E is connected and <h(0) = A (by the above), and that 

E G M \ Q. It also follows that M \ 0 is connected. For if iF is a compact component 
of M \ 0, then we must have K U E = f!f. Forming a connected neighborhood H of iF in 
M \ E G M \ E = <h“^(H), we get <h(iF) C ‘h(H) C A, and hence $(17) C A. Thus K 
must he in some component V C M \ 0 of $“^(H), and hence K = V. But then K must 
be both open and closed in M, which is clearly impossible. Therefore M \ 0 is connected. 
Moreover, since $(0) = A, we must have $((90) = dA, and hence (90 is not connected. 
Applying parts (b), (c), and (e), we get the desired smooth domain F2 d 0. □ 
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As indicated in the introduction, a connected noncompact complex manifold with the 
Bochner-Hartogs property must have exactly one end and cannot admit a proper holo- 
morphic mapping onto a Riemann surface. In fact, the following elementary observations 
suggest that complex manifolds with the Bochner-Hartogs property are very different topo¬ 
logically from those admitting proper holomorphic mappings onto Riemann surfaces: 

Proposition 1.2. Let X be a connected noncompact complex manifold. 

(a) Assume that O) = 0. Then e{X) = 1. In fact, if fl is any nonempty 

domain in X for which each connected component of the complement X \ Q is 
noncompact, then e(r2) = 1. In particular, if Q is a relatively compact domain in X 
and X\Ll is connected, then dfl is connected. Moreover, every compact orientable 
C°° hypersurface in X is the boundary of some smooth relatively compact domain 
in X. 

(b) If X admits a surjective proper continuous open mapping onto an orientable topo¬ 
logical surface that is not simply connected (for example, if X admits a proper holo¬ 
morphic mapping onto a Riemann surface other than the disk or the plane), then 
there exists a C°° relatively compact domain Q in X such that X \ Q is connected 
but dQ is not connected (and e(r2) > 1). In particular, II){X, O) ^ 0. 

Proof. For the proof of (a), let us assume that H){X,0) = 0. As argued in the intro¬ 
duction, we must then have e{X) = 1. Next, we show that any compact orientable 
hypersurface M in X is the boundary of some relatively compact C°° domain in X. For 
we may £x a relatively compact connected neighborhood U of M in X such that U \ M 
has exactly two connected components, Uq and Ui. We may also fix a relatively compact 
neighborhood R of M in R and a C°° function A on X \ M such that supp A d R, A = 0 
on Uq n V, and A = 1 on f/i fl R. Hence dA extends to a (9-closed C°° (0, l)-form a on X 
with compact support in R \ M, and since II)(X, O') = 0, we have a = dfi for some 
compactly supported function on X. The difference / = A — /9 is then a holomorphic 
function on X \ M that vanishes on some nonempty open subset. If X \ M is connected, 
then / = 0 on the entire set X\M, and in particular, the restriction fi fy is a function 
that is equal to 1 on Hi fl R, 0 on Uq fl R. Since M = R fl dUo = R fl dUi, we have 
arrived at a contradiction. Thus X \ M cannot be connected, and hence X \ M must 
have exactly two connected components, one containing Uq and the other containing Ui. 
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Since e{X) = 1, one of these connected components must be a relatively compact do¬ 
main with boundary M in X. It follows that in particular, the boundary of any relatively 
compact C°° domain in X with connected complement must be connected. 

Next, suppose is an arbitrary nonempty domain for which X \ has no compact 
components. If e(f2) > 1, then part (b) of Lemma If.II provides a C°° relatively compact 
domain 0 in such that fl\Q has no compact components and dQ is not connected, and 
hence part (e) implies that X \ 0 has no compact components; i.e., X \ 0 is connected. 
However, as shown above, any smooth relatively compact domain in X with connected 
complement must have connected boundary. Thus we have arrived at a contradiction, and 
hence must have only one end. In particular, if d X (and X \ is connected), then 
by part (c) of Lemma 11.11 dQ must be connected. 

Part (b) follows immediately from part (f) of Lemma fl.il □ 

2. Bounded geometry 

In this section, we recall the dehnition of bounded geometry and we £x some con¬ 
ventions. Let X be a complex manifold with almost complex structure J: TX —)■ TX. 
By a Hermitian metric on X, we will mean a Riemannian metric on X such that 
g{Ju,Jv) = g{u,v) for every choice of real tangent vectors u,v G TpX with p E X. 
We call (X, g) a Hermitian manifold. We will also denote by g the complex bilinear exten¬ 
sion of g to the complexihed tangent space (TX)c. The corresponding real (1, l)-form u 
is given by {u,v) ha u}{u,v) = g{Ju,v). The corresponding Hermitian metric (in the sense 
of a smoothly varying family of Hermitian inner products) in the holomorphic tangent 
bundle T^’^X is given by {u,v) h-)- g[u,v). Observe that with this convention, under the 
holomorphic vector bundle isomorphism (TX, J) ^ T^’°X given by m h-)- ^{u — iJu), the 
pullback of this Hermitian metric to (TX, J) is given by {u,v) ha- ^g(u,v) — ^u{u,v). In 
a slight abuse of notation, we will also denote the induced Hermitian metric in T^’°X, as 
well as the induced Hermitian metric in A'^{TX)c ® A^{T*X)c, by g. The corresponding 
Laplacians are given by: 

A = Ad = -{dd* + d*d), 

Ag = -{dd* + d*d), 

Ag = -{dd* +d*d). 
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If {X^g^u) is Kdhler, i.e., du = 0, then A = 2Ag = 2 Aq. 

Definition 2.1. For S G X and k a nonnegative integer, we will say that a Hermitian 
manifold {X, g) of dimension n has bounded geometry of order k along S if for some constant 
C > 0 and for every point p G S', there is a biholomorphism of the nnit ball B = 
1) C C"' onto a neighborhood of p in X such that tI/(0) = p and such that on B, 

C~^gcn < '^*g < Cgc^ and \D^'^*g\ < C for m = 0,1, 2,..., fc. 

3. Green’s functions and harmonic projections 

In this section we recall some terminology and facts from potential theory (a more 
detailed outline is provided in |NRl] b We will also see that the Bochner-Hartogs property 
holds for a connected noncompact complete Kahler manifold with exactly one end and no 
nontrivial holomorphic 1-forms. 

A connected noncompact oriented Riemannian manifold (M, g) is called hyperbolic if 
there exists a positive symmetric Green’s function G{x, y) on M; otherwise, M is called 
parabolic. Equivalently, M is hyperbolic if given a relatively compact C°° domain 12 for 
which no connected component of M \ 12 is compact, there is a connected component E 
of M \ 12 and a (unique) greatest C°° function ue ■ E ^ [0,1) such that ue is harmonic 
on E, ue = 0 on dE, and supe'^e = 1 (see, for example. Theorem 3 of |GKj b We will 
also call E, and any end containing E, a hyperbolic end. An end that is not hyperbolic is 
called parabolic, and we set me = 0 for any parabolic end component E of M \ 12. We call 
the function n : M \ 12 —)■ [0,1) defined by u\^ = ue for each connected component E of 
M\fl, the harmonic measure of the ideal boundary of M with respect to M\Q. A sequence 
{x,y} in M with x^ ^ oo and G{-,Xy) —)• 0 (equivalently, u{xif) —?■ 1) is called a regular 
seguence. Such a sequence always exists (for M hyperbolic). A sequence {xy} tending to 
inhnity with \mim.iy^aoG{-,Xy) > 0 (i.e., hmsupj,_,.oo^(a;,^) < 1 or equivalently, {xy} has 
no regular subsequences) is called an irregular seguence. Clearly, every sequence tending to 
inhnity that is not regular admits an irregular subsequence. We say that an end E of M is 
regular {irregular) if every sequence in E tending to inhnity in M is regular (respectively, 
there exists an irregular sequence in E). Another characterization of hyperbolicity is that 
M is hyperbolic if and only if M admits a nonconstant negative continuous subharmonic 
function p. In fact, if {xy} is a sequence in M with Xy ^ oo and (p{xy) —?• 0, then {xy} is 
a regular sequence. 
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We recall that the energy (or Dirichlet integral) of a suitable function ip (for example, a 
function with hrst-order distributional derivatives) on a Riemannian manifold M is given 
by dV. To any C°° compactly supported 9-closed (0, l)-form a on a connected 

noncompact hyperbolic complete Kahler manifold X, we may associate a bounded hnite- 
energy (i.e., Dirichlet-hnite) pluriharmonic function on X\suppQ! that vanishes at inhnity 
along any regular sequence: 

Lemma 3.1 (see, for example. Lemma 1.1 of |NR4] ). Let X be a connected noncom¬ 
pact complete hyperbolic Kahler manifold, and let a be a C°° compactly supported form of 
type (0,1) on X with da = 0. Then there exist a closed and coclosed Lf harmonic form 7 
of type (0,1) and aC°° bounded function (3: X ^ C with finite energy such that j = a —dfi 
and filyXy) —0 for every regular seguence {xy} in X. 

Remarks. 1. In particular, 7 is a holomorphic 1-form on X, and fi is pluriharmonic on the 
complement of the support of a. 

2. Under certain conditions, the leaves of the foliation determined by 7 outside a large 
compact subset of X are compact, and one gets a proper holomorphic mapping onto a 
Riemann surface. 

3. According to Lemma 13.21 below (which is a modihcation of an observation due to 
J. Wang), if fi is holomorphic on some hyperbolic end, then fi vanishes on that end. 

Lemma 3.2 (cf. Lemma 1.3 of |NR4 ] ) . Let X be a connected noncompact complete (hyper¬ 
bolic) Kahler manifold, and let E be a hyperbolic end of X. If f is a bounded holomorphic 
function on E and f{xy) —)■ 0 for every regular seguence {xy} for X in E, then / = 0 
on E. 

Proof. We may £x a nonempty smooth domain 12 such that dE C 12 <1 X and X \ 12 
has no compact connected components. In particular, some component Uq of U \ 12 is 
a hyperbolic end of X. The harmonic measure of the ideal boundary of X with respect 
to X \ 12 is a nonconstant function u: X \ 12 —)■ [0,1). By replacing / with the product 
of / and a sufficiently small nonzero constant, we may assume that |/| < 1 and hence for 
each e > 0, M -|- elog |/| < 0 on U fl dkl. Thus we get a nonnegative bounded continuous 
subharmonic function on X by setting = 0 on X \ Uq and = max(0, u + e log |/|) 
on Eq. If fiyp) 7 ^ 0 at some point p E Eq, then Peip) > 0 for e sufficiently small. However, 
any sequence {xy} in Eq with pfixy) -E- m = sup(p£ > 0 must be a regular sequence and 
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must therefore satisfy u{xy) + elog |/(xi.)| —)■ —oo, which contradicts the choice of {x^}. 
Thus / vanishes on Eq and therefore, on E. □ 

The above considerations lead to the following observation (cf. Proposition 4.4 of |NR3] h 

Theorem 3.3. Let X be a connected noncompact hyperbolic complete Kdhler manifold 
with no nontrivial Lf holomorphic 1-forms. 

(a) For every compactly supported d-closed C°° form a of type (0,1) on X, there exists 
a bounded C°° function (3 with finite energy on X such that d(3 = a on X and (3 
vanishes on every hyperbolic end E of X that is contained in X \ suppa. 

(b) In any ends decomposition X\K = i?i U • • • U Em, exactly one of the ends, say Ei, 
is hyperbolic, and moreover, every holomorphic function on Ei admits a (unique) 
extension to a holomorphic function on X. 

(c) If e{X) = 1 (equivalently, every end of X is hyperbolic), then Hl{X,0) = 0. 

Proof. Given a compactly supported 5-closed form a of type (0,1) on X, Lemma [3T] 
provides a bounded C°° function (3 with hnite energy such that d(3 = a and (3{xi,) —)■ 0 for 
every regular sequence {x^} in X (by hypothesis, the If holomorphic 1-form 7 provided by 
the lemma must be trivial). In particular, (3 is holomorphic on X\suppa, and Lemma [3^ 
implies that (3 must vanish on every hyperbolic end of X contained in X \ supp a. Thus 
part (a) is proved. 

For the proof of part (b), suppose X \ K = U ■ ■ ■ U Em is an ends decomposition. 
Then at least one of the ends, say Ei, must be hyperbolic. Given a function / G 0{X\K), 
we may £x a relatively compact neighborhood U oi K in X and a function A on X 
such that X = f on X \ U. Applying part (a) to the (0, l)-form a = dX, we get a 
function (3 such that 8(3 = a on X and /9 = 0 on any hyperbolic end contained in X \ U. 
If Ej is a hyperbolic end (for example, if j = 1), then Ej \ U must contain a hyperbolic 
end E of X, and the holomorphic function h = X — (3 on X must agree with f on E and 
therefore, on Ej. Thus we get a holomorphic function on X that agrees with / on every 
Ej which is hyperbolic. Taking / to be a locally constant function on X \ X with distinct 
values on the components Ei, ..., Em, we see that in fact, Ej must be a parabolic end for 
j = 2,...,m. 

Part (c) follows immediately from parts (a) and (b). □ 

We close this section with a preliminary step toward the proof of Theorem 10.11 
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Lemma 3.4. Suppose {X,g) is a connected noncompact hyperbolic complete Kdhler man¬ 
ifold with hounded geometry of order 0, e{X) = 1, and there exists a real-valued plurihar- 
monic function p with hounded gradient and infinite energy on X. Then X admits a proper 
holomorphic mapping onto a Riemann surface if and only if H^{X, 0)^0. 

Proof. Given a compactly supported 9-closed C°° form a of type (0,1) on X, Lemma EH] 
provides a closed and coclosed Lf harmonic form 7 of type (0,1) and a C°° bounded 
function /5: X —)■ C with hnite energy such that 'y = a — 3(3 and (3{xi^) —)■ 0 for every 
regular sequence {x^} in X. If 7 = 0, then 3(3 = a and Lemma IdHl implies that (3 vanishes 
on the complement of some compact set. If 7 is nontrivial, then the holomorphic 1-form 
6^1 = 7 and the bounded holomorphic 1 -form 62 = dp, which is not in must be linearly 
independent. Theorem 0.1 and Theorem 0.2 of |NR 6 ] then provide a proper holomorphic 
mapping of X onto a Riemann surface. □ 

Remark. The proofs of Lemma 1.1 of |NR 6 ] and Theorem 0.1 of |NR 6 ] (the latter fact 
was applied above and relies on the former) contain a minor mistake in their application 
of continuity of intersections (see |Ste] or |TW] or Theorem 4.23 in |ABCKT] ). In each 
of these proofs, one has a sequence of levels {Ly( of a holomorphic mapping / : X —)■ 
and a sequence of points {x^} such that x^ G for each z/ and Xi, —)■ p. For L the level 
of / through p, by continuity of intersections, {Lj,} converges to L relative to the ambient 
manifold X \ [/“^(/(p)) \ L], but contrary to what was stated in these proofs, a priori, this 
convergence need not hold relative to X. Aside from this small misstatement, the proofs 
are correct and no further changes are needed. 

4. Quasi-Dirichlet-finite pluriharmonic functions 
The following is the main advantage of working with irregular hyperbolic manifolds: 

Lemma 4.1 (Nakai). Let {M,g) be a connected noncompact irregular hyperbolic oriented 
complete Riemannian manifold, let {qk} be an irregular sequence, let G{-, •) be the Green’s 
function, and let pk = G{-,qk). M —)■ ( 0 , 00 ] for each k. Then some subsequence of {pk} 
converges uniformly on compact subsets of M to a function p. Moreover, any such limit 
function p has the following properties: 

(i) The function p is positive and harmonic; 

(ii) = 00 / 
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(i“) < b — a for all a and b with 0 < a < b (in particular, p is 

unbounded); and 

(iv) If Q is any smooth domain with compact boundary (i.e., either is an end or 
fl <£ M) and at most finitely many terms of the sequence {qk} lie in then 

dp 


sup p = max p < oo and 
n 


/ pf dV < I pff^da<oo. 
In Jan du 


Remark. Following Nakai [Na] and Sario and Nakai |SaNa] . a positive function <^9 on a 
Riemannian manifold (M, g) is called quasi-Dirichlet-finite if there is a positive constant C 
such that 

[ \Vp\ldV,<Cb 

for every 6 > 0. Nakai proved the existence of an Evans-type quasi-Dirichlet-hnite positive 
harmonic function on an irregular Riemann surface. His arguments, which involve the 
behavior of the Green’s function at the Royden boundary, carry over to a Riemannian 
manifold and actually show that the constructed function has the slightly stronger property 
appearing in the above lemma. One can instead prove the lemma via Nakai’s arguments 
simply by taking p = G{-,q), where G is the extension of the Green’s function to the 
Royden compactihcation and g is a point in the Royden boundary for which p > 0 on M. 
The direct proof appearing below is essentially this latter argument. 


Proof of Lemma \4.1\ Fixing a sequence of nonempty smooth domains {Gm}m=o 
M \flo has no compact connected components, lJm=o ~ ^m-i klm for 

m = 1, 2, 3,..., and letting G^ be the Green’s function on for each m, we get Gm G. 

Given ttiq G Z>o, for each integer m > mo and each point p G Gmoi the continuous func¬ 
tion Gm{p, •) vanishes on dflm, and the function is positive on dflmo and harmonic 

on flrn \ Gmo • ThuS 


Gm{p, •) < maxG^(p, •) < maxG(p, •)• 

Passing to the limit we get 


d^rriQ d^triQ 


G{p, •) < maxG(p, •) 


an. 


on M \ flrno for each point p G flmo ■ Hence 


G < Amo = 


mo 


_ max G 

— 1 ^^^mo 
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on f2mo-i X \ ^mo)- particular, pk = G{-, qk) < Amo ^mo-i for 3> 0. Therefore, 
by replacing {qk} with a suitable subsequence, we may assume that pk converges uniformly 
on compact subsets of M to a positive harmonic function p. 

Suppose 0 < a < 6. Given k G Z>o, for m 3> 0 we have qk G Gm, and the function 
p^^^ = Gm(-, qk) '■ t [0, cxd] satishes cxd]) (s Qm- Hence if r and s are regular 

values of p^^^ with a < r < s < b, then 



)-b(M) 


IVpp'pdV 


(m) 

Pk'—^da- 


(m) dPk 


'■ dpp’ 


{m)dpk 


s ■ 




da — 


'(pi-^GHr)^" du 

dpG^) 


r ■ 




da 


{r — s) 


IdQr, 


ov 

d 


(s-r) {-l)—[Gm{-,qk)] da 

V d^rn 


= s — 


where d/dv is the normal derivative oriented outward for the open sets Gm, s)), 

and r)). Here we have normalized Gm (and similarly, all Green’s functions) so 

that — Adistr.Gm(-, q) is the Dirac function at q for each point q G klm- Letting r ^ and 
s —)■ b~, we get 

f \Vpp'\^dV = (b-a). 

Letting xa denote the characteristic function of each set A C M, we have 

Jin^ \Vpt\ = \Vpk\ on M \ [qk] and limmf > Xp-^^afi))- 

Hence Fatou’s lemma gives 


d Pk^iGb)) 

Similarly, letting /c —)■ cx), we get 

/ 

Jp-HGb)) 


|VpfcpdH< ( 6 -a). 


iVppdH < (b-a). 



THE BOCHNER-HARTOGS DICHOTOMY 


15 


Applying this inequality to a' and h' with 0 < a' < 6 ' and letting a' ^ a and b' ^ h~^, we 


get 

[ \Vp\‘^dV <{b-a). 

VHKb]) 

Letting a —)■ O’*" (and noting that p > 0), we also get the above inequality for a = 0. 

Assuming now that p has hnite energy, we will reason to a contradiction. We may £x a 
constant b > sup^^^ p that is a regular value of p, of Pk\M\{q,,} for all k, and of p^™'^ 
for all k and m. Note that we have not yet shown that p is unbounded, so we have not 
yet ruled out the possibility that p“^(( 0 , 6 )) = M, and in particular, that p~^{b) = 0. 
Since Pk ^ p uniformly on compact subsets of M as /c ^ cx), and for each /c, p^™^ —)■ p^ 
uniformly on compact subsets of M \ as m —)■ oo, we may fix a positive integer k^ 
and a strictly increasing sequence of positive integers {ruk} such that qk G ffmj, for each k, 
p{mk) < < 5 on hlo for each k > ko, and —)■ p uniformly on compact sets as /c —)■ cxd. 

Letting <p = min(p, b) and letting : M —)■ [0, b] be the Lipschitz function given by 


<Pfc 


0 elsewhere 


for each k, we see that p*, —)■ p uniformly on compact subsets of M and Vp^ —)■ Vp 
uniformly on compact subsets of M \ p~^{b). Moreover, for each k, 


\v^tfdv= [ ivpy*ydi/ = 6. 

Applying weak compactness, we may assume that {Vpfc} converges weakly in to a 
vector held v. But for each compact set iL C M \ p“^( 6 ), (Vpfc) \k —t (Vp) \k uniformly, 
and therefore in L^. Since p~^{b) is a set of measure 0, we must have v = Vp (in L^). 
Hence 



Ip H(o,fe)) 


|Vp|2dV=(Vp,Vp)^(Vpfc,Vp) 




(nik) dp 


Pi "'^rda 

l(P-fc))-l(,) du 


0 — 6 


9((pi’"'=VH(6,cx,])) du 




It follows that p = a for some constant a (in particular, 0 < a < 6 ). Letting u be 
the harmonic measure of the ideal boundary of M with respect to M \ hlo and letting 
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: M —)• [0,1) be the Dirichlet-finite locally Lipschitz function on M obtained by extending 
u by 0, we get 


0 = (0, Vi/’) ^ {Vipk,'V'ip) 


f 


'dUo 


{nik ) 7 

Pk ’—da 


du 




(mfc) du 

»>• a;'*" 


0- f pt-'pd^-bf 

Jano du Jq 


lano 


Pk Trda ^ -a 
^ du 


du , 
— da 

9((P^''Vh(6,oo])) 
du 

da < 0. 


lano 


du 


Thus we have arrived at a contradiction, and hence p must have inhnite energy. 

Finally, given a smooth domain f2 as in (iv), for each ^ 0, we have qk ^ For m S> 0, 
we have qk € and dQ C ffm- Since is then continuous on ff fl ffm, harmonic on 
f2 n Qm, and zero on dQm, we also have 


p r F) 

sup = maxpj,'”^ and / | 1^ did = / p’'^^da. 

nnUm JnnQm dan 

Letting m —)■ oo, and then letting k —)■ oo, we get the required properties of p on □ 


We will also use the following analogue of a theorem of Sullivan (see |Sul] and Theo¬ 
rem 2.1 of |NR,1] ): 


Lemma 4.2. Let {M,g) be a connected noncompact oriented complete Riemannian man¬ 
ifold, E an end of M, and h a positive C°° function on M. Assume that: 

(i) There exist positive constants K, Rq, and 6 such that Ric^ > —Kg on E and 
vol (R(x; Rq)) > 5 for every point x G E; 

(ii) The restriction h\E is harmonic; and 

(hi) For some positive constant C, JEnh-^da b]) dV < C{b — a) C for all a and b 
with 0 < a < b. 

Then | Vh| is bounded on E, and for each point p G M , 

f \Vh\‘^dV = 0{R) as R^oo. 

J EnB{p;R) 

Sketch of the proof. We may £x a nonempty compact set A D dE. As in the proof of 
Theorem 2.1 of |NRlj . setting (p = |Vhp, we get a positive constant Ci such that for each 
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point xq E E with dist(xo, A) > Ri = 4i?o, 

sup ^ <Ci 

B{xq-,Rq) 


^dV. 


J B{xo ;2Ro) 

For a = infs(xo; 2 Ao) ^ ^ = ^^Ps(xo; 2 _Ro) have on the one hand, 

[ ipdV< [ ifdV <C{b-a) + C. 

Jb{xo;2Ro) iEn/i-i([a,6]) 

On the other hand, b — a< sup^^^,^ \ Vh\Ri. Combining the above, we see that if (72 > 1 

is a sufficiently large positive constant that is, in particular, greater than the supremum of 
|Vh| on the 2 i?i-neighborhood of A, then for each point Xq E E a.t which |Vh(a:o)| > C 2 , 
we have 

sup |Vhp < C 2 sup |Vh|. 

B{xo-,Ro) B{xo-,Ri) 

Fixing constants C 3 > C 2 and e > 0 so that (Fg”^ > C 2 , we see that if |Vh(a;o)| > C 3 , then 
there exists a point xi E B{xo] Ri) such that 

(1 + e) log |Vh(xo)| < log |Vh(xi)|. 

Assuming now that |Vh| is unbounded on E, we will reason to a contradiction. Fixing 
a point Xq E E at which |Vh(xo)| > C 3 and applying the above inequality inductively, we 
get a sequence {xm} in E such that dist(a;m, t^-i) < Ri and 

(1 + e) log \Vh{xm-i)\ < log \Vh{xm)\ 

for m = 1, 2, 3,; that is, {|Vh(xm)|} has super-exponential growth. However, the local 
version of Yau’s Harnack inequality (see [ChY] ) provides a constant (^4 > 0 such that 

|Vh(x)| < Cih{x) and h{x) < Cih{p) 

for all points x,p E M with dist(p, A) > 2i?i and dist(a;,p) < Ri, so {|Vh(a;m)|} has at 
most exponential growth. Thus we have arrived at a contradiction, and hence |V/i| must 
be bounded on E. 

Finally, by redehning h outside a neighborhood of E, we may assume without loss of 
generality that |Vh| is bounded on M. Fixing a point p E M, we see that for R > 0, 
a = inf B{p-,R) h, and b = h, we have 


' EnB{p;R) 


\\/h\‘^dV < 


>Enh-^{[a,b]) 


I Vh|2 dV < C{b - a) + C < C ■ sup | Vh| ■2R + C. 
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Therefore, 


' EnB{p-,R) 


\Vh\‘^dV = 0{R) asR^oo. 


□ 


Applying the above in the Kahler setting, we get the following: 


Proposition 4.3. Let {X,g) be a connected noncompact complete Kahler manifold, let 
E be an irregular hyperbolic end along which X has bounded geometry of order 2 (or 
for which there exist positive constants K, Rq, and 6 such that Ric^ > —Kg on E and 
vo\ {B{x] Ro)) > 6 for every point x G E), let {qk\ be an irregular sequence in E, let 
G{-, •) be the Green’s function on X, and let = G(-, qk)- X ^ (0, cxo] for each k. Then 
some subsequence of {pk} converges uniformly on compact subsets of X to a function p. 
Moreover, any such limit function p has the following properties: 


(i) The function p is positive and pluriharmonic; 

(ii) JpVppdV = aD> 

(hi) /p-i([ab]) iVppfiR < b — a for all a and b with 0 < a < b (in particular, p is 
unbounded on E); 

(iv) If n is any smooth domain with compact boundary (i.e., either hi is an end or 
Q X) and at most finitely many terms of the sequence {g^} lie in hi, then 


sup p 
n 


max p < oo 
an 


and 


\Xp\^dV < 


f a 

/ p— da < oo; 
'an 


and 

(v) |Vp| is bounded. 


Proof. By Lemma 14.11 some subsequence of {pk\ converges uniformly on compact sets, 
and the limit p of any such subsequence is positive and harmonic and satishes (ii)-(iv). 
Lemma Wf2\ implies that |Vp| is bounded on E and for p E X, \Xp\‘^ dV = 0{R) 

(hence /g(p.g) \Xp\‘^dV = o{R^)) as i? —)■ oo. By an observation of Gromov |Gro2j and of 
Li (see Gorollary 2.5 of |NRlj ). p is pluriharmonic. □ 


5. Proof of the main result and some related results 
This section contains the proof of Theorem 10.11 We also consider some related results. 
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Proof of Theorem \0.1[ Let X be a connected noncompact hyperbolic complete Kahler man¬ 
ifold with bounded geometry of order two, and assume that X has exactly one end. By 
the main result of |NR4] . the Bochner-Hartogs dichotomy holds for X regular hyperbolic. 
If X is irregular hyperbolic, then Proposition 14.31 provides a (quasi-Dirichlet-finite) posi¬ 
tive pluriharmonic function p on X with inhnite energy and bounded gradient, and hence 
Lemma 13.41 gives the claim. □ 

The above arguments together with those appearing in |NR1] . |NR5] . and |NR6] give 
results for multi-ended complete Kahler manifolds. To see this, we hrst recall some termi¬ 
nology and facts. 

Definition 5.1. Let M be a connected manifold. Following Geoghegan Eg (see also 
Kropholler and Roller |KroR] 1. for T: M —)■ M the universal covering of M, elements of 
the set 

lim7ro[T-'(M\X)], 

where the limit is taken as K ranges over the compact subsets of M (or the compact 
subsets of M for which the complement M\K has no relatively compact components) will 
be called filtered ends. The number of hltered ends of M will be denoted by e(M). 

Lemma 5.2. Let M be a eonneeted noneompact topological manifold. 

(a) We have e(M) > e(M). In fact for any k E N, we have e(M) > k if and only if 
there exists an ends decomposition M\K = EiVJ ■ ■ - U Em such that 

m 

^|7r.(M) : r,] > k, 

J = 1 

where Tj = im \Tii{Ej) —)■ 7ri(M)] for j = 1 ,..., m. 

(b) IfT-.M^Misa connected covering space, E is an end of M, and Eq = T (E) ^ 
M, then 

(i) Eq is an end of M; 

(ii) dEo = T{dE) \ Eo; 

(hi) E n T-\dEo) = {dE) \ T-\Eo); 

(iv) The mapping Tf-g-: E ^ Eq is proper and surjective; and 

(v) If Eo C Eo\ T{dE) is an end of M and E = E f] T“^(Fo), then T I'j?: E ^ Eq 
is a finite covering and each connected component of E is an end of M. 
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(c) // T: M M is a connected covering spaee, then e(M) < e(M), with equality 
holding if the covering is finite. 

Proof. For any nonempty domain U in M, the index of im \tii{U) 7 ri(M)] is equal to 
the number of connected components of the lifting of U to the universal covering of M, so 
part (a) holds. 

For the proof of part (b), observe that Eq is a domain in M, OEq 7 ^ 0, T{E) C Eq, 
and therefore, E n T~^{dEo) = (dE) \ T~^{Eo). Given a point p E M, we may £x 
domains U and G in M such that p E U <£ V, U D OEq 7 ^ 0, and the image of 'KiiV) in 
7 ri(X) is trivial (their existence is trivial if p G OEq, while for p ^ OEq, we may take U 
and V to be sufficiently small connected neighborhoods of the image of an injective path 
from p to a point in OEq). The connected components oi U = T~^{U) then form a locally 
hnite collection of relatively compact domains in M, and those components that meets E 
must also meet the compact set dE, so only finitely many components, say Ui,..., Um, 
meet E. Thus for Uq = IJi^i have Ur]E = Uor\E(£ M, and it follows that the 

restriction E ^ Eq is a proper mapping. In particular, this is a closed mapping, and hence 
T{E) = Eq. Furthermore, the boundary 

OEq = T(E) \ T{E) = T{dE) \ Eq 

is compact and Eq is noncompact (by properness), so Eq must be an end of M. 

Finally, if Eq G Eq\ T{dE) is an end of M, then each connected component of T“^(Fo) 
that meets E must he in E. Thus the restriction E = E G T“^(Fo) —)■ Fq is a covering 
space. Properness then implies that this restriction is actually a hnite covering, dE C 
E n T“^((9Fo) is compact, and in particular, each connected component of E is an end 
of M. 

For the proof of part (c), let T: M —)■ M be the universal covering, and let A; G N with 
e(M) > k. Then there exists an ends decomposition M \ L = Ei U ■ ■ ■ U En such that 
T“^(M \ L) has at least k connected components, and there exists an ends decomposition 
M\K = El VJ ■■ - VJ Em such that K D T(L). For each j = 1,..., n, part (b) implies that 
T(F)) (fi K, and hence Ej meets, and therefore contains, some connected component of 
T“^(M \ K). Thus, under the universal covering T o T: M —)■ M, the inverse image of 
M\K has at least k connected components, and therefore e(M) > k. Thus e(M) > e(M). 
Furthermore, if T is hnite covering map, then the connected components of the liftings of 
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the ends in any ends decompostion of M form an ends decomposition for M. Hence in this 
case we have e(M) > e(M), and therefore we have equality. □ 

Definition 5.3 (cf. Dehnition 2.2 of |NR5j h We will call an end E oi a connected non¬ 
compact complete Hermitian manifold X special if E is of at least one of the following 
types: 

(BG) X has bounded geometry of order 2 along E; 

(W) There exists a continuous plurisubharmonic function ip on X such that 

{x E E \ ip{x) < a} X VogM; 

(RH) E is a hyperbolic end and the Green’s function vanishes at inhnity along E] or 
(SP) is a parabolic end, the Ricci curvature of g is bounded below on E, and there 
exist positive constants R and S such that vol [B{x; R)) > 6 for all x E E. 

We will call an ends decomposition in which each of the ends is special a special ends 
decomposition. 

According to [Gro a, p, IS ro a. E roSj . [NRl] , [DelG] , jNR5] . and |NR6] . a connected 
noncompact complete Kahler manifold X that admits a special ends decomposition and 
has at least three hltered ends admits a proper holomorphic mapping onto a Riemann 
surface. One goal of this section is to show that if X has an irregular hyperbolic end of 
type (BG), then two hltered ends suffice. 

Theorem 5.4. If X is a connected noncompact hyperbolic complete Kahler manifold that 
admits a special ends decomposition X \ K = EiU ■ ■ ■ U Em for which Ei is an irregular 
hyperbolic end (i.e., Ei contains an irregular sequence for X) of type (BG) and m > 2, 
then X admits a proper holomorphic mapping onto a Riemann surface. 

Sketch of the proof. Every end lying in a special end is itself special, so by the main results 
of [NR,1] and |NR 5] . we may assume that m = e{X) = 2. Moreover, as in the proof of 
Theorem 3.4 of [NRlj . we may also assume that E 2 is a hyperbolic end of type (BG). 
Theorem 2.6 of |NRlj then provides a nonconstant bounded positive Dirichlet-hnite pluri- 
harmonic function pi on X. Proposition 14.31 implies that X also admits a positive (quasi- 
Dirichlet-hnite) pluriharmonic function p 2 with bounded gradient and inhnite energy. In 
particular, the holomorphic 1-forms 9i = dp\ and 62 = dp 2 , are linearly independent, and 
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Theorems 0.1 and 0.2 of [NR,6] give a proper holomorphic mapping of X onto a Riemann 
snrface. □ 


Lemma 5.5 (cf. Proposition 4.1 of [NR4] ). Let {X,g) be a connected noncompact complete 
Kdhler manifold. If X admits a special ends decomposition and some connected covering 
space T: X —)■ X admits a proper holomorphic mapping onto a Riemann surface, then X 
admits a proper holomorphic mapping onto a Riemann surface. 


Proof. The Cartan-Remmert redaction of X is given by a proper holomorphic mapping 
<h; X — )■ S' of X onto a Riemann snrface S with = O^. Fixing a hber Zq of <h, we 

may form a relatively compact connected neighborhood Uq of Zq in X and a nonnegative 
C°° plnrisubharmonic fnnction (po on X \ Zq snch that (po vanishes on X \ 17o and (po —t cxo 
at Zq. The image Zq = T{Zq) is then a connected compact analytic snbset of X, and 
the fnnction (Pq: x J2yer-^(x) ^oiv) is a nonnegative C°° plnrisnbharmonic fnnction on 
the domain X \ Zq that vanishes on the complement of the relatively compact connected 
neighborhood Uq = T{Uo) of Zq in X and satishes (po C )0 at Zq. 

We may form a special ends decomposition X \ K = Ei U ■ ■ ■ U Em with K D Uq, and 
setting Kq = K \ Uq and Eq = Uq\ Zq, we get an ends decomposition 

(X \ Zq) \ Kq = Eq U El U ■■■ U Em 


of X \ Zq. By part (d) of Lemma 11.11 for a S> 0, the set {x & X \ Zq \ (p{x) < a } has a 
connected component Yq that contains X \Uq and has the ends decomposition 

YQ\KQ = E'QU---UE'm, 

where E) = Ej fl To for j = 0,..., m. In particular, the above is a special ends decompo¬ 
sition for the complete Kahler metric go = g + log(a — ip)) on Yq (see, for example, 
[Demj ). with Eq regular hyperbolic and of type (W). Here, for any function -if, Cigp) 
denotes the Levi form of -0; that is, in local holomorphic coordinates {zi,..., Zn), 

d^ip 




j,k=l 


dzjdzk 


dzjdzk- 


Theorem 3.6 of [NR6j implies that there exists a nonconstant nonnegative continuous 
plnrisubharmonic function on Yq that vanishes on Eq U Kq and, therefore, extends to a 
continuous plnrisubharmonic function a on X that vanishes on K. Fixing a hber Zi of <F 
through a point at which a o T > 0, we see that, since a o T is constant on Zi, the image 
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Z\ = T(Zi) must be a connected compact analytic subset ofX\i^ cyoCX \ Zq. As 
above, we get a domain Yi C Yq, a complete Kahler metric gi on Yi, and a special ends 
decomposition of {Yi,gi) with at least three ends. Therefore, by Theorem 3.4 of |NR1] 
(or Theorem 3.1 of |NR5] 1. there exists a proper holomorphic mapping $ 1 : Yi —)■ Si of Yi 
onto a Riemann surface Si such that = Os^- Forming the complement in X of 

two distinct hbers of <Fi and applying a construction similar to the above, we get a proper 
holomorphic mapping $ 2 : Y '2 —)■ S 2 of a domain 1^2 D X\Yi in X onto a Riemann surface S 2 
such that {^ 2 )*Oy 2 = Os 2 - The maps $1 and $2 now determine a proper holomorphic 
mapping $ of X onto the Riemann surface 

S = {SiU S2)/[^i{x) ~ $2(0;) Vx e Xi n X2] • 


□ 


Remarks. 1. The authors do not know whether or not the above lemma holds in general 
for the base an arbitrary connected noncompact complete Kahler manifold. 

2. For the base a complete Kahler manifold with bounded geometry (which is the relevant 
case for this paper), one may instead obtain the lemma from properness of the projection 
from the graph over a suitable irreducible component of the appropriate Barlet cycle space 
as in (Theorem 3.18 and the appendix of) [Caj . 

Theorem 5.6. Suppose X is a connected noncompact irregular hyperbolic complete Kahler 
manifold with hounded geometry of order 2 and e(X) = 1. IfX admits a connected covering 
space T: X —)■ X with H^{X, O) 7 ^ 0, then X admits a proper holomorphic mapping onto 
a Riemann surface. 

Proof. Clearly, X has bounded geometry of order 2. If e(X) > 3 or e(X) = 1, then X 
admits a proper holomorphic mapping onto a Riemann surface, and Lemma 15.51 provides 
such a mapping on X. Thus we may assume that e(X) = 2, and we may fix an ends 
decomposition X \ K = Ei U E 2 . By part (b) of Lemma 15.21 for j = 1,2, Y{Ej) is a 
hyperbolic end of X. It follows that Ej is a hyperbolic end of X, since the lifting to X of a 
negative continuous subharmonic function with supremum 0 on X is a negative continuous 
subharmonic function on X with supremum 0 along Ej. 

Proposition 14.31 provides an unbounded positive pluriharmonic function pi with bounded 
gradient and inhnite energy on X, and we may set pi = pi o T. Theorem 2.6 of |NRlj 














24 


T. NAPIER AND M. RAMACHANDRAN 


provides a nonconstant bounded pluriharmonic function p 2 with finite energy on X, and 
Theorems 0.1 and 0.2 of |NR,6] . applied to the holomorphic 1-forms dpi and dp 2 , give a 
proper holomorphic mapping of X onto a Riemann surface. Lemma 15.51 then gives the 
required mapping on X. □ 

Proposition 11.21 provides some topological conditions that give nonvanishing of the hrst 
compactly supported cohomology with values in the structure sheaf. In particular, since 
any manifold with at least two hltered ends admits a connected covering space with at 
least two ends, we get the following consequence of Theorem 15.61 (one may instead apply 
Theorem 15.41 and Lemma 15.51) : 

Corollary 5.7. If X is a connected noncompact irregular hyperbolic complete Kdhler man¬ 
ifold with bounded geometry of order 2, e(X) = 1, and e(X) > 2, then X admits a proper 
holomorphic mapping onto a Riemann surface. 

We also get the following: 

Corollary 5.8. Suppose X is a connected noncompact irregular hyperbolic complete Kdhler 
manifold with bounded geometry of order 2, e(X) = 1, is a nonempty smooth relatively 
compact domain in X for which E = X \ Q is connected (i.e., E is an end), and T' = 
im [7ri(fl) —)■ 7ri(X)]. If either dQ is not connected, or dfl is connected but 7Ti{dfl) does not 
surject onto T', then X admits a proper holomorphic mapping onto a Riemann surface. 

Proof. If dfl is not connected, then part (a) of Proposition 11.21 implies that II),{X, O) ^ 0, 
and hence X admits a proper holomorphic mapping onto a Riemann surface. Suppose 
instead that C = dVL is connected, but P = im [7ri(C) —)■ 7ri(X)] ^ P'. For a connected 
covering space T: X —)■ X with T*7ri(X) = P, T maps some relatively compact connected 
neighborhood Uq of some connected component Cq oi C = T“^(C) isomorphically onto 
a neighborhood U of C. By Theorem 15.61 we may assume that e(X) = 1. The unique 
connected component Hq of ^ = T“^(f2) for which Cq is a boundary component is a smooth 
domain, and Cq ^ clflo- Moreover, each component of X \ Hq must meet, and therefore 
contain, a component of T~^[E), so any such component must have noncompact closure. 
Proposition 11.21 and Theorem 15.61 together now give the claim. □ 
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6. An irregular hyperbolic example 


Because the existence of irregular hyperbolic complete Kahler manifolds with one end 
and bounded geometry of order two is not completely obvious, an example is provided in 
this section. In fact, the following is obtained: 

Theorem 6.1. There exists an irregular hyperbolic connected noncompact complete Kahler 
manifold X with bounded geometry of all orders such that e{X) = 1 and dim A = 1. 

Remark. The authors do not know whether or not there exists an irregular hyperbolic 
connected noncompact complete Kahler manifold X with bounded geometry of order 0 for 
which Hl{X, O) = 0 (and hence which does not admit a proper holomorphic mapping onto 
a Riemann surface). 

The idea of the construction is as follows. The complement of a closed disk H in C is 
irregular hyperbolic, but it has two ends. Holomorphic attachment of a suitable sequence of 
tubes (i.e., annuli) with boundary components and of for each u, satisfying 

Aj, —)■ cxD and A'^^ ^ p E dD, yields an irregular hyperbolic Riemann surface with one end, 
and a direct construction yields a Kahler metric with bounded geometry. 


Lemma 6.2. Let be a locally finite seguence of disjoint disks in C. Then 

there exists a seguence of positive numbers {r^jfLi such that r^ < R„ for u = 1,2,3,, 
and 

^ ^ ^ log [Ro^RfWC, - Col + i^o)(|C - Col + Ru)] ^ ^ 

^ log [Rq V-i(|C^ - Col + Ro){\Cu - Col - a)] 

Moreover, for any such seguence {r,^}, the region H = C \ IJ^i f'u) is hyperbolic, and 
there exists an irregular seguence {pk} in hi such that 17 ^ —)■ cxd m C. 

Proof. It is easy to see that the above inequality will hold for all sufficiently small positive 
sequences {r,^}. For each z/ = 1, 2, 3,..., let 

R. ^ log [Ro^RfWC. - Col + Ro)(|C. - Col + Ru)] , 


let 

= log [RC^^^^dC^ - Col + Ro)(|Ci^ - Col - L^)] , 


and let be the harmonic function on C \ {Co, Ci^} given by 



^ ~ Col C I Ci^ ~ Co I + Rq \ 
2:-Ci^l V Ro / 
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Clearly, By > 0, and since \(y — Col > Ru + Ro, Cy > 0. At each point 2 ; G i9A(Co; Ro), we 
have 

n / „ 1 1 _+ Ro] ^ Bp 


0 < ay{z) = — log 

O 7 / 


\Z - Cu 


- c,/ 


since (jC;/ — Col + Ru)\z — Cu\ A RqRp- At each point G dA{(y-, Vy), we have 

^ log [RQ^r-^{\Cy - Col + Ro)\z - Col] > 1; 
while at each point G dA{(y; Ry), we have 


Moreover, 


,(z) = i log (1C. - Col+- Col] < R- 

O 7 / L^u 


0 < lim ay{z) = ^ log [i?o ^(IC - Col + ^ 0 )] < 


Therefore, since ay is harmonic, we have ay > 0 on 


C \ [A(Co; Ro) U A(C.; r,)] D \ A(Co; Ro), 

and 0 < ttjg < ^ on C\[A(Co; Ro) U A{(y; Ry)]. Consequently, the series converges 

uniformly on compact subsets of r2\ A(Co; Ro) to a nonnegative continuous function a such 
that a is positive and harmonic on hi \ A (Co; -Ro), a < 6 < 1 on the set 

OD 00 

I^n\[j A(C.; oR.) = C \ IJ A(C.; Rp), 

p=0 p=0 


and for each z/ = 1, 2, 3,..., we have 0 < a —ay < 1 on A(Cio; Ry)\A{(y] Vy) and a > > 1 

on dA{zy-,ry). 

Clearly, D A(Co; Ro) is hyperbolic, and the harmonic measure of the ideal boundary of 
n with respect to hi \ A(Co; Ro) extends to a continuous function u: Q \ A(Co; Ro) [0,1]. 
For each R > Rq, the continuous function on hi \ A(Co; -Ro) given by 


^ eA /3fi{z) 


a{z) + 


log(k - C0I/-R0) 
log(-R/-Ro) 


is harmonic on hi \ A(Co;-Ro) and satisfies /3r > a > 1 = u on \J^^idA{C,y'.,ry), Pr = 
a > 0 = u on (9A(Co;-Ro), and /Sr > 1 > m on hi fl (9A(Co;-R)- Hence /3r > u on 
(H \ A(Co;-Ro)) n A(Co;-R)- Passing to the pointwise limit as i? —)■ 00 , we get a > m on 
H \ A(Co; -Ro)- However, a < 6 < 1 on the set / C H \ A(Co; -Ro), so any sequence {rjk} in / 
with ? 7 fe —)■ cxD in C is an irregular sequence in H. □ 
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Lemma 6.3. Let k be a positive integer, and p a positive C°° function on C such that 
Dp, D^p, D^p,..., D^p are hounded. Then the complete Kdhler metric g = e^^gc has 
bounded geometry of order k. In fact, the pullbacks of g under the local holomorphic charts 

given by : 2; 1— )■ + Zq, for each point zq G C, have the appropriate uniformly 

hounded derivatives. 

Proof. For each point Zq G C, the pullback of the associated (1, l)-form Ug = e^^^dz A dz 
under is given by 

The bound on Dp gives a Lipschitz constant C for p, and hence 
e 


-2C g-2Ce-P("o) ^ g2(p(vl>,g)-pPo)) < g2Ge-^Go) g2G_ 


A similar argument gives uniform bounds on the mth order derivatives of the functions 


^2(p('I'^g)-p(20)) 


ZqG.C 


for m = 1,..., k. 


□ 


Proof of Theorem \6.1\ Step 1. Construction of a suitable irregular hyperbolic region in C. 
Let us fix a constant R> 1 and disjoint disks {A(Ci,; such that Co = 0 and C,u ^ 00 

so fast that 

log|fl-"(|CI + flPl 


E 


^ log [P-'eK'KICi-l + -R)(IG - e-K'l)] 
In particular, by Lemma 16.21 the domain 

00 


< 1 . 


fi„ = C\[jA(C„;e-K-l) 


V=1 


is irregular hyperbolic; in fact, there exists an irregular sequence {pk} in flo such that 
—)■ CX 2 in C. 

Step 2. Construction of a bounded geometry Kahler metric on a region. By 
Lemma [6.31 hxing a positive C°° function p on C such that p{z) = |z| on a neighborhood 
of C \ A(0; 1), we get a complete Kahler metric po = with bounded geometry of all 
orders on C and associated local holomorphic charts 

A(0;l)^A(^o;e-"("°)) 

given by : 2 : ha z + zq for each point zq G C. Letting Rq and Ri be constants with 

1 < Rq < Ri < R, g^ the standard hyperbolic metric on the upper half plane H, $ a Mobius 
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transformation with <h((C \ A(0; 1)) U {cxd}) = El and Im > 5R on (C \ A(0; Rq)) U {cxd}, 
gi = and A: C —)■ [0,1] a C°° fnnction with A = 0 on a neighborhood of A(0;i?o) 

and A = 1 on C \ A(0; Ri), we get a complete Kahler metric 

92 = Xgo + (1 - A)5fi 

with bonnded geometry of all orders on the region C \ A(0; 1). Setting = 2z/i? + i2R 
for each z/ = 1, 2, 3,..., we get disjoint disks {A(,^,^; in{; 2 G]HI|i?<Im; 2 < 3R} 

(and an isometric isomorphism A(,^i; R) R) in El given hy z ^ z + 2{u — 1)R for 

each z/). We have 

OO 

A(^ U IJ $-'(A(e.;i?)) C A(0; Ro) ^ A(0; R) d fio, 

u=i 

and hence we have a region 

( OO 

A(^ulJ$-'(A(^) 

U = 1 

Step 3. Construction of the Riemann surface X. For each z/ = 1,2,3,..., let T^, 

be a copy of the annulus A(0; 1/R, R) = { 2 :gC| 1/R< \z\ < R}, and let 



A^:C^C and T^:C*^C* 

be the biholomorphisms given by tc e-)■ + (i, and w ^ ^ respectively. We then 

get a Riemann surface 

( OO 

111 U y T, 

U=1 

where for each u = 1,2,3,, and each w G T^,, z G A(Cj,; satishes 

z w = At,{w), 

and 2 : G <h“^(A(,^,^; 1, R)) satishes 


z w $( 2 :) = T;^(t(;). 

X is hyperbolic, because for each point Zq G ((9A(0; 1)) \ {<h“^(cxD)} C (9f2i, there exists 
a barrier /I on f2i at Zq and a relatively compact neighborhood U of Zq in C such that 


U \ A(0; 1) C and /9 is equal to —1 on f2i \ U, and thus we may extend /3 to a 
continuous subharmonic function on X that is equal to —1 on A \ (fli fl U). Fixing a disk 

D (s A(0;i?) n fli C A, 
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and letting m: X \ D —)■ [0,1) be the harmonic measure of the ideal boundary of X with 
respect to X \ D, we see that the restriction m|'oo\a( 0 ;R) cannot approach 1 along the 
sequence {rjk}, so X must be irregular hyperbolic. It is easy to see that e(X) = 1. 

Step 4. Construction of a bounded geometry Kahler metric on X. Let us £x a 
function r on C such that 0<r<l, r = lonC \ A(0; Rq), and r = 0 on A(0; l/i?o)- 
Then we get a Kahler metric on A by setting g = g 2 on 

/ oo oo \ 

^2 = c \ A^ U IJ A(C.; U (J 4>-'(A(e.; Ro)) cQ.cX, 


and g = rAlg^ + (1 — T)Tlg^ on G X for each u = 1,2,3,.... 

For u = 1,2,3,..., on we have Alg^ = and T* 5 (h = T]; 5 (h (since 

= Ti + 2{u — 1)R). Therefore, since the functions 


tc HA |e + Cl — ICI G [—Re Re for z/ = 1, 2, 3,, 

have uniformly bounded derivatives of order k onT,^ = A(0; 1/R,R) for each k = 0,1,2,..., 
(A, g) has bounded geometry of all orders along A \ his, where 

( OO OO \ 

A(^ U IJ A(C; i?ie-ICd) u (J <F-CA(C; ^i)) C fl 2 C ffi C A. 

v=l u=l ) 

There exists a positive constant ro such that for each point 2:0 G fis fl A(0; Rq), we have 

B = Bg^mzo); ro) C 4>(fl2 n A(0; Ri)) 

and g = gi = on $“^(5) C 122 n A(0; Ri). Thus (A, g) has bounded geometry of all 
orders along his fl A(0; Rq), as well as along the compact set A(0; Rq, R) C fli. 

Finally, if ri is a constant with 0 < ri < min(l, R — Ri), and 2:0 G his \ A(0; R), then 

A(;2o;rie-^("°)) n A(0;i?i) = 0. 

Moreover, if 2 : G A( 2 :o; fl A(C; for some v, then 

< |2;o — Cl < 

Thus for ri sufficiently small, we will have, for every point ; 2 o G fis \ A(0; R), 

D,, = A{zq-, rie-^(^°)) C fl2 \ A(0; R,), 


and in particular, g = g 2 = gQ on The resulting family of biholomorphisms A(0; 1) 
Dzq given hj z rize~'^^°'^ + zq for each such point zq then have the required uniform 
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bounds, so {X,g) has bounded geometry of all orders along hla \ A(0;-R), and therefore 

along X itself, and completeness follows. □ 
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